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It is well known that the pointwise minimum of all the ultrametrics which are greater than a 
given dissimilarity on a finite set S is this dissimilarity istelf. It is proved here that the minimum 
of all the ultrametrics which are greater than this dissimilarity and which are compatible with 
an order on S is the minimum Robinsonian dissimilarity on S for this order greater than the 
given dissimilarity. 
1. Definitions and notations 
A dissimilarity 6 on a finite set S is an application from S X S to R! which 
verifies the following conditions 
V(i, j) E P, 6(i, j) 2 0, 6(i, j) = S(j, i), 6(i, i) = 0. 
An ultrametric on S is a dissimilarity u on S such that 
V(i, j, k) E S3, u(i, j) < max{u(i, k), u(k, j)}. 
If 6, and & are two dissimilarities on S, we shall say that c& is greater than 6i, 
and then we shall write 6, G &, if 
V(i, j) E P, &(i, j) 6 &(i, j). 
Let ‘%(6) be the set of all ultrametrics on S which are greater than a given 
dissimilarity 6. This set is not empty since, if M = max{b(i, j); (i, j) E S’}, the 
dissimilarity uw defined by 
u,& j) = 
M ifi#j, 
0 ifi=j, 
is an ultrametric which is greater than 6 and then belongs to Q(6). It is well 
known that generally no minimum element exists in %(S) but only minimal ones. 
More, if u is a minimal element of ‘%(a), the terms u(i, j) are, for every (i, j) in 
S*, extracted from the set of the terms of 6, i.e. 
V(i, j) E S*, u(i, j) E {6(/z, k); (h, k) E S*}. 
This property implies the following result the proof of which presents no 
difficulty. 
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Theorem 1.1. Let 6 be a dissimilarity on a finite set S and %(a) denote the set of 
all ultrametrics which are greater than 6. Then, 
V(i, j) E S2, 6(i, j) E min{u(i, j); u e Q(6)). 
2. Dissimilarity compatible with an order 
Let us suppose now that the set S has n elements and that a total order, 
denoted s, is defined on S. The compatibility between a total order < and a 
dissimilarity 6 on S, is related to the idea that if j is between i and k for this 
order, then 6(i, j) and 6(i, k) are less than 6(i, k). 
Definition 2.1. A dissimilarity 6 on the totally ordered finite set (S, s) is 
compatible with the order s, if 
V(i, j, k) E S3, i <j G k, max{s(i, j), S(j, k)} < 6(i, k). 
We say, equivalently, that the total order < on S is compatible with the 
dissimilarity 6. 
The class of dissimilarities on a set S for which there exists a compatible total 
order can be easily identified to the class of the Robinsonian dissimilarities on S, 
the definition of which is the following. 
Definition 2.2 (Robinson [14], Diday [5] and Hubert [13]). Let p be a 
dissimilarity on a finite set S. The dissimilarity p is said to be a Robinsonian 
dissimilarity on S, if there exists a total order d on S, such that, (S, c) being 
identified to Z = { 1, 2, . . . , n} with its natural order, we have 
V(i, j) E Z*, i <j, p(i, j) 3 m={p(i, j - I), p(i + 1, j)). 
The proof of the l-l correspondence between these two classes is easy to 
check. 
It can be proved that the ultrametrics on S are Robinsonian dissimilarities. 
Theorem 2.3. Let u be an ultrametric on a finite set S. Then there exists a total 
order on S compatible with u. 
Many proofs of this result have been given. So many algorithms to calculate 
compatible orders were published. See, for instance, Benzecri [l], Diday [5], 
Gaud [12] and B. van Cutsem [15]. In fact, there are many orders compatible 
with an ultrametric on S, but it is not the place here to describe them. 
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3. Minimal ultrametrics with order constraints 
Let < be a total order on the finite set S, and 6 a dissimilarity on S. Let 9..&(a) 
denotes the set of all ultrametrics on S which are compatible with the order < and 
greater than 6. This set is not empty since the ultrametric u,+, introduced in the 
first paragraph is compatible with any order on S, and then belongs to %!&(a). 
In the same way, if < is a total order on S, let C%(S) be the set of all 
Robinsonian dissimilarities on S which are compatible with the order < and 
greater than 6. It is not very difficult to prove that there exists a minimum 
element in 9&(d). The following algorithm calculates this minimum element pG. 
Algorithm 3.1. Let (S, s) b e a totally ordered finite set identified to Z = 
{I, . . . > n} and 6 a dissimilarity on S. 
(1) For i := 1 to n do p=(i, i) := 0 
(2) Fork:=lton-ldo 
Fori:=lton-kdo 
p=(i, i + k) := max{p&i, i + k - l), p=(i + 1, i + k), 6(i, i + k)}. 
We can now establish the main result of this communication. 
Theorem 3.2. Let S be a finite set and s be a total order on S. Let pS be the 
minimum Robinsonian dissimilarity in W,(6). Then, 
V(i, j) E S2, p<(i, j) = min{u(i, Z); u E Q,(6)}. 
Proof. As all the ultrametrics in Q,(6) are Robinsonian, it is straightforward 
that, for every u in 9&(S), we have p-_ su. So, we have just to prove that, for 
every (i, j) in S*, we have 
p&i, j) = min{u(i, Z); u E %(a)}. 
Let (i, j) E S*. Setting M = max{b(h, k); (h, k) E S*}, let us define a dis- 
similarity uii by 
{ 
p<(i, j) if i G h G j and i < k G j, 
uij(h, k) = 0 ifh=k, 
M ifh<iorj<hork<iorj<k. 
It is then easy to prove that 
(1) Uij is an ultrametric on S, 
(2) Uij is compatible with s, 
(3) uij is greater than 6, 
(4) p&, j) = Uij(i, j), 
and then the proof is achieved. Cl 
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4. Conclusions 
As, for a given dissimilarity 6, the construction of pC is quite easy by 
Algorithm 3.1, this may be used to study the set of minimal ultrametrics in Q,(6) 
and perhaps to be able to describe all the minimal elements of a(S). 
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